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^ ■ Abstract 

\^ ' formed (squashed) sphere proposed by J. Arnlind, et al (hep-th/0602290 ) 

^D ■ (ABHHS) can be rewriten as a new algebra which contains q-deformed 

commutators. The quantum parameter q (\q\ = 1) is a function of h. It 
is shown that the ^ — > 1 limit of the algebra with the parameter /i < 
^r^' describes fuzzy S^ and that the squashed S^ with q ^ I and /i < can 

r~| , be regarded as a new kind of quantum S^. Throughout the paper the 

value of the invariant of the algebra, which defines the constraint for 
the surfaces, is not restricted to be 1. This allows the parameter q to 
be treated as independent of N (the dimension of the representation) 
Cd I and //. It was shown by ABHHS that there are two types of representa- 

tions for the algebra, "string solution" and "loop solution" . The "loop 
solution" exists only for q a root of unity {q^ = 1) and contains unde- 
termined parameters. The 'string solution' exists for generic values of q 
{q^ 7^ !)• In this paper we will explicitly construct the representation 
of the q-deformed algebra for generic values of q {q^ ^ 1) and it is 
shown that the allowed range of the value of q + q~^ must be restricted 
for each fixed N. 
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Among fuzzy compact manifolds fuzzy sphere (S^) is the simplest and well- 
studied one. P [2] [Sj The representation of fuzzy S^ is classified according to 
the unitary irreducible representation of SU(2) Lie algebra and the number 
of independent functions on fuzzy S^ is finite. The functions in the spin j 
representation of fuzzy S^ are mapped onto (2j + l) x (2j+l) matrices and the 
number of independent functions is (2j + 1)^. The non-commutative product 
(star product) jlj j2| of functions is one to one correspondence with the prod- 
uct of the corresponding matrices. This property is also true for other fuzzy 
compact manifolds. The representation of fuzzy CP^ corresponds to a series 
of unitary irreducible representations of SU(3) and so forth. [6J 

A torus is a compact manifold, but there has been no satisfactory formalism 
for fuzzy torus (T^") in which one can define a star product such that the 
algebra of only a finite number of independent functions is closed. ^ 

Recently, in an interesting paper jH] a prescription for constructing polyno- 
mial relations among non-commutative coordinates of compact fuzzy Riemann 
surfaces was proposed and the case of fuzzy T^ was worked out explicitly. A 
fuzzy T^ algebra was defined by the eqs. 





[x,y] -- 


= ihZ, 




(1) 




[y,z] -- 


= ih{X, X^ + Y^ - 


-/^}, 


(2) 




[Z,X] -- 


= ih{Y, X^ + Y^- 


-/^}, 


(3) 


(X2 + Y' - 


-f^Y + z' - 


= 1 




(4) 



Here X, Y, Z are hermitian matrices representing non-commutative coordi- 
nates and [A, B] = AB — BA, {A, B} = AB + BA. h, fi are real parameters. 
For n > 1 this algebra describes a fuzzy T^ and for — 1 < /i < 1 a deformed 
(squashed) fuzzy S^. Surprisingly, although the relations (HI)-® are compli- 
cated, these satisfy Jacobi identities, finite dimensional representations exist 
and were constructed explicitly in [Hj. 
It was shown that 

C = (X^ + y2 _ ^)2 ^ ^2 ^5) 

commutes with X, Y, Z.\^^ So this is a multiple of an identity. This value does 
not necessarily be equal to 1 as in (^. Therefore we will set C = cl in this 
paper and let c take an arbitrary positive value. Then the relations (jT}-®, 



(0) describe fuzzy T^ for /i > ^c and fuzzy squashed S^ for —\fc < fi < y/c. 
Actually the value of c will be determined later in terms of h, fi and the 
dimension N of the representation. 

In jH] the parameter h was introduced as a quantization parameter for 
replacing Poisson brackets by commutators. In this paper it will be regarded 
as a deformation parameter for deforming a Lie algebra into a q-deformed Lie 
algebra. It will be shown in this paper that when /i < 0, the h ^ limit of 
the squashed S^ is the ordinary fuzzy S^. 

The relations (^-(jS)), are not a Lie algebra and the right-hand sides are 
complicated. In the case of usual fuzzy S^ it is natural to embed the sphere in 
a fiat R^ in an SO (3) invariant way because of the SO (3) (SU(2)) symmetry 
of the fuzzy S^ algebra and the constraint X"^ + Y"^ + Z"^ = R^l. In the case 
of (C3)-(I11) without symmetry principles except for rotations in X — Y plane it 
is not clear how the T^ and squashed S^ are embedded in 3-dim space. The 
construction of field theories on these fuzzy manifolds is not straightforward 
and there will be ambiguities, even if one Icnows the solutions representing 
fuzzy configurations. If there exists symmetry, then it can be used as a guiding 
principle for constructing field theories on fuzzy manifolds. 

One of the purposes of the present paper is to show that the algebra for 
fuzzy T^ (0)-® can be recombined into that which has the structure of a q- 
deformed Lie algebra. We will then derive irreducible N-dim representations of 
this algebra for generic values of q {q^ ^ 1)( "string solution"). In this analysis 
q defined by ()13|1 below is treated as an independent q-deformation parameter. 
According to the sign of /x the range for the value of g + g~^ is restricted for 
each value of N. Then the value of c (0) will be determined. The condition on 
g + g~^ for describing fuzzy T^ is also obtained. For the representation which 
exists only for g^ = 1 ( "loop solution" ) see note added. 

Let us derive the deformed Lie algebra. As in [H| we introduce W = X + iY 
and hermitian matrices/), D by 

D = WW\ D = W^W. (6) 

In the complex notation the algebra Q-© is written as 

[W,W^] = 2hZ, (7) 

[Z,W] = h{W,^}, (8) 



[z,w^] = -n{w\^}, (9) 

where the matrix (^ is defined by 

if = w^w + hz-i2 = ww^ -hz-n (10) 

and it commutes with Z. [8j By using (jHl) and (fTnjl one obtains 

[z,w] = h{w{wW + hz-i2) + {ww^ -hz-fi)w) 

= 2h{WW^W-fiW)-ff[Z,W] 

Oh 

(WW^W-fiW) (11) 



1 + ^2 



One can ehminate Z by using ((2j). By expanding the commutators one obtains 
the eq.jH] 

2aWW^W -W^W^ -W^W^ = ^W (12) 

1 + ft^ 

Here a = {I - h^)/{l + h^). 

Now let us define a new parameter g by g + g^^ = 2a. Because — 1 < a < 1, 

g is a complex number 



q = a±i^l-a^ = {l-h^± 2ih)/{l + ff) (13) 

and its absolute value is |g| = 1. Now we will use ©• Because WW^W can 
be expressed in two ways, DW or WD, we have from eq (fT^ 

iqDW + -WD) - WD - DW = ^ W (14) 

g 1 + ft"' 

Defining a q-deformed commutator 

[A, B]g = qAB- BA, (15) 

we can put this into the following form. 

[D--D, W], = -^^W (16) 

g 1 + n^ 

Similarly from eq (jH)) we also obtain the eq. 

'-[D-qD,W^], = ^W^ (17) 



Further, we note that if we interchange q and q ^ in eq ()14j). we obtain another 
set of eqs. 

1 ~ Ah'^u 

-[W,D-qD], = YTF^W, (18) 

[W\D-^^D], = -^W^ (19) 

We also consider ther relations among W, W"^, D, D. 

[W, W\ = qD-D, (20) 

[W\ W]g = qD-D, (21) 

[D,D]=0 (22) 



Note that the commutator in ()22j) is the ordinary one. The derivation of these 
eqs is straightforward due to (jHl). The last eq was proved in ^. It is easy to 
show that the algebra ((3)-® can be derived from (|T6|l - p2|l . li q ^ ±1, which 
we assume, from ()20j) and (PT|) one can derive D = WW'^ and D = W'^W . By 
substituting these eqs into (jT^ and using a definition Z = {D — D)/2h, we 
obtain (jlip . Then it is straightforward to derive ((Tjl-Q. 

Now we adopt the eqs (fT^ -()22j ) as the defining algebra for the fuzzy T^. 
This algebra must be supplemented with two constraint eqs. 



D + D = WW^ + W^W (23) 



and a quadratic one 



^ IT^T^\ , tAt^\ .VTT/TT/t , TT/ItTM , ..2 



2(g-i) 



[KK'^ ^K^K)-y.{WW^ ^W^W)^^^, (24) 



which is derived from the invariant (0). Here c is a positive number and 
K = D-qD, K^ = D-q-^D. Eqs X^ + Y^ = {WW^ + WW)/2 = {D + D)/2 
and Z = {D — D)/2h are used to transform (0) into a quadratic form. Actually, 
the first constraint ()23|) can be derived from ()20|) and ()21|) as explained above. 
The right-hand sides of (fT?)|l - (P^ are at most linear in W, W\ D, D and 
this algebra has a structure of a q-deformed Lie algebra. This algebra is similar 



to the q-deformed SU(2) Lie algebra for the quantum S^.piTU] Actually, our 
algebra is a q-analog of SU(2) (or SU(1,1)) Lie algebra with 'doubled' Cartan 
subalgebra (D, D). There may exist a quantum group symmetry associated 
with this new q-deformed Lie algebra. 

There is a similarlity to the case of quantum S^. It is known that the g ^ 1 
limit of quantum S^ is the ordinary fuzzy S^.p JD] To discuss q ^ 1 limit in the 
present case it is better to rescale the matrices as (X, Y, Z) — > {hX', hY', hZ'). 
Then the relations Q-® take the form. 

[x'X] = iz', 

[Y\Z'] = z{x', h\X'' + Y'')-fi], 

[Z',X'] = z{r, h\x" + Y")-fi], (25) 

In the h ^ limit this reduces to SU(2) or SU(1,1) algebra according to the 
sign of fi^ Therefore when fi < 0, the classical limit ^ ^ can be taken and 
fuzzy S^ is obtained. When /i > 0, the limiting algebra does not describe fuzzy 
S^ nor T^ but hyperboloid. 

Under the above rescaling the q-deformed Lie algebra takes the form. 

[D'-'-D',W'], = Jl±^W', 
q q 

[D'-qD', W'^], = iq + lffiW'\ 
[W, D'-qD']^ = {q + lf^iW\ 

[W\d'--D'], = J-^±^W'\ 
q q 

[W, W'\ = qD' - D', 

[W'\ W% = qD' - D', 

[D',D'] = 0, 

D' + D' = W'W'^ + W'^W', 

cl = l(D' + D'-2/.r + ^(D'-D'f (26) 

Here we set {W,W\D,D) -^ {hW , hW'\ HD' , HD') . If we let g ^ 1, the 
algebra becomes 

[D'-D', W] = -Ajj^W, 



iSU(2) for ^ < and SU(1,1) for ^ > after trivial rescaling of X', Y' , Z' . 



[D'-D', W'^] = 4fiW'\ 
[W',W'^] = D'-D', 
[D', D'] = (27) 

In addition, the 0{q — 1) terms of the first eq of PH|) yield 

D'W - W'D' = 0. (28) 

This last equation determines the matrix D' + D' decoupled from ()27j) . The al- 
gebra (jTfjl except for the last eq is an SU(2) (or SU(1,1)) Lie algebra according 
to the sign of fi. Therefore for q y^ 1 and /i < the algebra ()26|) will describe a 
q-deformation of the ordinary fuzzy sphere. We note that the algebra ^I^ also 
makes sense for real values of q. This case, however, will not be considered in 
this paper. 

Now the N-dimensional irreducible, unitary representation of the algebra 
()26|) will be presented. This corresponds to 'string solution' in |H| and exists for 
generic values of q. Although the representations of (0)-© were obtained in 
|Hj, some relations among q (h), N, /i were assumed there. This is because the 
invariant c was set to 1 in (0)). In this paper we will take c as a free parameter 
to be determined later and q will be treated as independent. 

We will take D', D' to be diagonal. As in the case of classical SU(2) algebra 
the matrix elements of W, W are assumed to be 

iW^)rr,n = ttm-l 5m,n+l- (m, U = 1,2, .., N) (29) 

Here we set qq = gn = 0. By (jH)) the diagonal components of D', D' are given 
by 

D;=|a„|^ Al = |a„„i|2. (30) 

Then the first relations in (j^H|l yield the following equation. 

I |2 / I -1\ I |2 I I |2 \Q ' ^1 /oi\ 

a„+i -{q + q ) «„ + ctn-i = /J- (31) 

Q 

This equation is solved with the initial condition oq = 0. 

i2_ 9(g"-9-") I 12 , (9 + l)(9" + g-"+^-g-l) .„.. 

K\ - ^2_i l«il + ^-rp ^' ^32) 



Then the condition oat = determines ai. When /i 7^ 0, the result for a^ is 

,2_ (g + l)^(g"-9^)(g"-l) 

The case /x = requires care and the solution exists only if g^^ = 1, and is 
given by|Sj 

|a„| = |ai| . (34) 

q-q 

Note that in the above solution (|33p no relation among g, N and /i is 

assumed. The condition |a„p > 0, however, restricts the allowed values of N 

for fixed q. For given N this condition in turn restricts the range of g + q~^. 

Let us present some examples. 

When N = 2, 

q + q-^ + 2 

\ai\ = , _i /^. 35 

q + q ^ 

Because —2 < g + g^^ < 2 for |g| = 1, the allowed value of g + g~^ is —2 < 

g + g"^ < for ;U > 0, and < g + g"^ < 2 for /x < 0. 

When N = 3, 

I |2 I |2 g + g"^ + 2 

oi = as = ■ : /i. (36) 

g + g ^ - 1 

In this case —2 < g + g~^ < 1 for ^ > 0, and 1 < g + g^^ < 2 for /i < 0. 

When AT = 4, 



|2 |„ |2 



(g + g"^ + 2)(g + g-i + l^ 



(g + g ^)^ - 2 

I ,2 I |2 (g + g-^ + 2)^ 

l«2| =N = - (^^^-i)2_2 /^- (37) 

So -1 < g + g"^ < V2 for /i > and 72 < g + g"^ < 2 for /i < 0. In all 
the above cases the g — ;> 1 limit is allowed only for fi < 0. This is in accord 
with the above comment on this limit. When yU = 0, the solution which satisfy 
|a„p > is g = exp(±|^) and |a„p = |aip sin ^/ sin -^. 
Finally, the invariant c ()24|) (for /x 7^ 0) is obtained as 

/i / I ,9 I |2 2/i\ ^ /i i2 I i2N2 

c = — I |a„| +|a„_i| --p-j +y (lonl - |an-i| j 

2 g + g~' + 2 

= u — . 38 

'^ g^ + g-^ + 2 ^ ' 

The final result does not depend on n, as it should. 
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As mentioned at the beginning of this paper fuzzy T^ is reahzed for /i > 
and c < /i^. This last equation yields a condition on the range of g + q~^. 
For example, when N = 2, the condition q + q~^ < q^ + g~^ is satisfied for 
q + q^^ < —1. Combining this with the condition for /x > obtained above, 
we obtain the allowed range for fuzzy T^, —2 < q + q^^ < —1. When A^ = 3, 
the allowed range for fuzzy T^ is —2 < q + q'^ < 0. When A^ = 4, it is 
-l<q + q-^ < (v^-l)/2. 

In the classical limit g — > 1 the invariant c ()38|) approaches /i^. The condi- 
tion (jHI) on the rescaled matrices X', Y' , Z' becomes in this limit 

- 2/i (X'2 + F'2) + Z'2 = hm ^^ = /i^ {N^ - 1). (39) 

When we set N = 2j + 1, the right-hand side becomes j{j + 1) (2/i)^. For 
/i < after trivial rescaling of X', Y', Z', this coincides with the condition for 
fuzzy S^ in the spin j representation. 

To summarize it has been shown that the fuzzy T^ algebra presented in 
jHI can be rearranged into a different algebra ()2fi|l . which takes the form of 
a q-deformed Lie algebra. This may make it possible to treat fuzzy T^ by 
arguments based on symmetry principles. There is a barrier at yU = 0. The 
algebra for /i < is SU(2)-like but that for /x > is SU(l,l)-like. The classical 
g ^ 1 limit of the squashed S^ with yU < is fuzzy S^, but the classical limit of 
the fuzzy torus which belongs to /i > does not exist. For q not a root of unity 
irreducible N-dimensional representations ("string representation") of the q- 
deformed Lie algebra P?)|) are obtained and the allowed range for q + q~^ which 
depends on the sign of fi is obtained for some values of N. The allowed range 
for q + q'^ which describes fuzzy T^ is also obtained. It is not clear whether 
a quantum group associated with the deformed Lie algbera ()2fj|l exists. If it 
does, for further investigation and construction of field theories on fuzzy T^ it 
will be necessary to study the representations of the quantum group. 

Note added 

In addition to the representation ()29|1 . ()33|1 there also exits for q a root of unity 
(g^ = 1) a solution called "loop solution" 8J with 

W^n = am5m+i,n ijnod N) . (40) 



ttm is periodic; ttm+N = o-m- In t8| it was discussed that this 'loop solution' 
may be important. In this note this representation for q^ = 1 will be briefly 
discussed. 

As will be shown soon this solution is not uniquely determined by the 
algebra ((H)- (JH) or (jSHI)- It contains two free parameters. So this solution does 
not determine fuzzy T^ or S^ completely. This may bring about a problem 
when the matrix model for these surfaces is formulated. The number of the 
classical solutions to the eqs of motion in the matrix model will be continuously 
inflnite with the solutions depending on the free parameters. So throughout 
the main text of this paper we discussed only the representations with generic 
values of q. 

With the ansatz ()4()|1 for W the recursion relation for a„ is still given by 
dHH). Deflning 6„ by 

6n = |a.p + ^^^4S/x (41) 

[q- ly 

and solving the relation bn+i — qbn = q^^ipn — qbn~i), we obtain 

„1— n „l+n „n /r^"™ 

bn = —, \- b, + \ \ bo. (42) 

1 — q^ 1 — q^ 

It will be assumed that g^ 7^ 1. The periodicity conditions b^ = bo, b^^i = bi 
lead to 

(g^ - g^-^ + g^ - 1) 60 + (g^-^ - g^+^) &i = 0, 
iq^^^-q^~^)bo + iq-''~q''^' + q'-l)b, = (43) 

The determinant of the coefficient matrix vanishes only for g^ = 1. When 
g^ 7^ 1, these eqs have only the solution 60 = ^1 = and by ()42|) all bn = 0. 
This gives a coUasped {Z = 0) surface. Instead when g^ = 1, 6„ and hence 
a„ is expressed in terms of Oq, ai by (jH}, (j^ . 

„l-n n^+n „n /r^-" 

I i2 _ y y I |2 I y y 1 12 

\0-n\ — : 5 pi H -. 5 — PO 

1 — g^ 1 — g^ 

+^ (f^ (^" + ^'"" - 1 - '?) (44) 

The two parameters oq, ai are left undetermined. The "loop solution" of [Hj 
contains a free parameter f3. (eq(5.22) of this reference) 
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We will remark on the "boundary" between representations for torus and 
sphere. In this paper the invariant c ()24j) is not set to 1 but treated as a 
parameter to be determined by the representation matrices. The invariant c 
for this "loop solution" ()44j) is given by 



^y 9'j fi |4 I I |4 / , -iM |2| |2 

-/ig~i(g + l)2(|aoP + |ain}+/i2 (45) 

For c> fi^ and /i > one obtains fuzzy T^ and for c < fi^ fuzzy S^. The bound- 
ary is determined by c — yU^ = and is a quadratic curve on the (|aop5 kiP) 
plane. There are some special points on this curve. At ao = cti = the reduc- 
tion of the dimensionality of the representation (A^ — > A^ — 1) takes place |H] 
and this was argued to be a singularity. One can show there also exist points 
that correspond to qm = Q-m+i = 0, (M = 1,2, ..., A^ — 1) on this curve. Yet 
other points on the curve are nonsingular. 
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